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The electronic structure of a graphene quantum dot: Electric-field-induced evolution
in two subspaces
Qing-Rui Dong
College of Physics and Electronics, Shandong Normal University,
Jinan, Shandong, 250014, People’s Republic of China
The tight-binding method is employed to investigate the effects of three typical in-plane electric
fields on the electronic structure of a triangular zigzag graphene quantum dot. The calculation
shows that the single-electron eigenstates evolute independently in two subspaces no matter how
the electric fields change. The electric field with fixed-geometry gates chooses several scattered parts
of the zero-energy eigenspace as the new zero-energy eigenstates, regardless of the field strength.
Moreover, the new zero-energy eigenstates remain unchanged and the associated levels are linear as
the field strength. In contrast, the new nonzero-energy eigenstates mix mutually and the associated
levels are nonlinear as the field strength. By comparing the effects of three electric fields, we
demonstrate that the degeneracy of the zero-energy eigenstates accounts for the linearity of the
associated levels.
I. INTRODUCTION
Graphene has attracted enormous interest both in the-
ory and in experiments, due to its exceptional elec-
tronic properties1 and great application potential in next-
generation electronics.2 However, a gap has to be induced
in the gapless graphene for its real applications in elec-
tronic devices.3,4 For this purpose, graphene quantum
dots have been proposed as one of the most promising
kinds of graphene nanostructures.5 With recent develop-
ments of fabrication techniques, it is possible to cut accu-
rately the bulk graphene into different sizes and shapes,
such as hexagonal zigzag quantum dots, hexagonal arm-
chair quantum dots, triangular zigzag quantum dots and
triangular armchair quantum dots.6
The electronic and magnetic properties of graphene
quantum dots depend strongly on their shapes and
edges.7–9 Moreover, for zigzag graphene quantum dots,
especially triangular dots, there appears a shell of de-
generate states at the Dirac points and the degeneracy is
proportional to the edge size. The unique property of tri-
angular zigzag quantum dots makes them potential com-
ponents of superstructures acting as single-molecule spin-
tronic devices.10 The electronic structure and total spin
of triangular zigzag quantum dots can be tuned by chang-
ing a uniform electric field.11,12 The non-uniform electric
fields can provide an equal electrostatic potential for the
edges of triangular zigzag quantum dots, which allows
the electrical linear control of the low-energy states.13
The magnetization of triangular graphene quantum dots
with zigzag edges also can be manipulated optically.14 In
particular, the electrical manipulation of the degenerate
zero-energy states of such graphene quantum dots is quite
important for the operation of related spintronic devices,
since it is easier to generate the potential field through
local gate electrodes than the optical or magnetic field.6
So, it is interesting to understand comprehensively the
electric-field-induced evolution of the electronic structure
in graphene quantum dots.
In this paper, we investigated the effects of three typ-
ical in-plane electric fields on the low-energy electronic
structures of a triangular zigzag graphene quantum dot.
The calculations are mainly based on the tight-binding
Hamiltonian with the nearest-neighbor approximation,
which proves to give the same accuracy in the low-energy
range as first-principle calculations.15 Our result shows
that the single-electron eigenstates evolute independently
in two subspaces no matter how the electric fields change,
which may be useful for the application of graphene quan-
tum dots to electronic and photovoltaic devices.
II. THE TIGHT BINDING MODEL
The low-energy electrical structure of a graphene quan-
tum dot subjected to an in-plane electric field can
be calculated by means of the tight-binding method.
The Hamiltonian equation of the system is H |Φ(r)〉 =
E|Φ(r)〉 and the tight-binding Hamiltonian with the
nearest-neighbor approximation is12,16
H =
∑
n
(εn + Un)C
+
n Cn +
∑
<n,m>
tn,mC
+
n Cm, (1)
where n, m denote the sites of carbon atoms in graphene,
εn is the on-site energy of the site n, Un is the electro-
static potential of the site n (the electrostatic potentials
applied to the whole quantum dot can be obtained by
solving a Laplace equation), tn,m is the hopping energy
and C+n (Cn) is the creation (annihilation) operator of
an electron at the site n. The summation < n,m > is
taken over all nearest neighboring sites. The effect of the
electric field is to add the electrostatic potential Un to
the on-site energy εn. Due to the homogeneous geomet-
rical configuration, the on-site energies and the hopping
energies may be taken as εn = εF = 0 and tn,m = t =
2.7 eV.
The tight-binding Bloch function can be expressed as
a linear superposition
|Φ(r)〉 =
∑
n
cn|φ(r− rn)〉, (2)
2where φ(r − rn) is the normalized 2pz wave function for
an isolated atom at the site n and cn is the combina-
tion coefficient. The matrix form of the tight-binding
Hamiltonian can be obtained easily in the Wannier rep-
resentation |φ(r − rn)〉 and the low-energy spectrum of
the graphene quantum dot can be calculated by diago-
nalizing the matrix.
Usually an electric field is generated by the gates with
a fixed geometry and hence Un is proportional to the gate
voltage (or the voltage difference) U :
Un = kUXn, (3)
where k is a constant andXn is a function only dependent
on n. Despite the influence of an electric field, some
eigenstates may remain unchanged and hence
〈Φ(r)|H |Φ(r)〉
= 〈Φ(r)|
∑
n
UnC
+
n Cn|Φ(r)〉
+〈Φ(r)|
∑
<n,m>
tn,mC
+
n Cm|Φ(r)〉
=
∑
n
[c∗nφ
∗(r− rn)]
∑
n
(kUXnC
+
n Cn)
∑
n
[cnφ(r − rn)]
+E
= kUA+ E (4)
where A =
∑
n |cn|
2Xn is a constant and E is the as-
sociated level at U = 0. Eq. (4) means that the asso-
ciated level is linear as U when the eigenstate remains
unchanged. If the level is not degenerate, the converse
is also true: the eigenstate remains unchanged when the
associated level is linear as U . If the level is degenerate,
the linearity of the level means the associated eigenspace
is unchanged. So, if the level is not linear as U , the
associated eigenstate or eigenspace would change.
III. THE ELECTRIC FIELDS AND THE
LOW-ENERGY ELECTRONIC STRUCTURES
The geometrical structure of a triangular zigzag
graphene quantum dot is shown in Fig. 1 (a). The num-
ber of carbon atoms in each side of the quantum dot is
Ns = 8. The low-energy spectra of the graphene quan-
tum dot in the absence of an electric field is shown in Fig.
1 (b), where the lowest fifteen eigenstates are presented
and numbered from (42) to (56). The seven orthonor-
mal zero-energy eigenstates (46-52) are degenerate and
span a 7-dimensional eigenspace denoted by V1. Other
nonzero-energy eigenstates span the orthogonal comple-
ment space denoted by V2. The nonzero-energy orthonor-
mal eigenstate (44, 45) as well as the eigenstates (53, 54)
are degenerate and span respectively a two-dimensional
eigenspace in V2 .
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FIG. 1: (a) The geometrical structure of a triangular zigzag
graphene quantum dot with the size Ns = 8, where Ns is the
number of carbon atoms in each side of the quantum dot.
The graphene quantum dot is labelled with the site n, which
help to show the electron density later. (b) The low-energy
spectrum of the graphene quantum dot as a function of the
eigenstate index in the absence of an electric field.
-U +U
FIG. 2: The non-uniform electric field with a C3 rotation
symmetry applied to a triangular zigzag graphene quantum
dot (Ns = 8). Two gates with electrostatic potentials ±U are
applied outside and bottom of the quantum dot. The contour
of the electrostatic potential is shown (blue dashed curves).
3A. In a non-uniform electric field
The electric field shown in Fig. 2 possesses the same
C3 rotation symmetry as the graphene quantum dot.
Moreover the electric field can provide an equal electro-
static potential for all edge atoms, which is considered
to accounted for the electrical linear control of the zero-
energy states.13 The designed gates work in a similar way
as a lateral gated quantum dot is created at a semicon-
ductor heterojunction containing a two-dimensional elec-
tron gas.
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FIG. 3: The low-energy spectrum of the graphene quantum
dot (Ns = 8) subjected to the non-uniform electric field shown
in Fig. 2. The eigenstate indexes correspond to those in Fig.
1 (b).
Fig. 3 shows the low-energy spectrum of the
graphene quantum dot (Ns = 8) subjected to the electric
field. Since the electrostatic potential does not possess
the translational symmetry, the zero-energy eigenspace
changes from the 7-dimensional subspace V1 into several
scattered parts, including one nondegenerate eigenstate
(52), two two-dimensional eigenspace (50,51)/(48,49) and
one quasi-degenerate eigenspace (46,47). As increasing
U , the seven levels vary linearly, which implies that the
associated eigenstate or eigenspaces do not change signif-
icantly according to Eq. (4). To a nondegenerate eigen-
state, the stability of the eigenstate can be shown by the
corresponding probability density. Fig. 4(a) shows the
probability density of the eigenstate (52), which indicates
that the eigenstate remains unchanged. Obviously, the
electric field, or rather the gate geometry, chooses several
scattered parts of the subspace V1 as the new zero-energy
eigenstates and then these scattered parts remain un-
changed, regardless of the field strength. Hence, the zero-
energy eigenstates can be considered to always evolute
in V1 as increasing U . The level of the quasi-degenerate
eigenspace (46,47) remains linear on the whole, which
implies that the quasi-degenerate eigenspace does not
change significantly. If the energy difference between the
eigenstate (46) and (47) can not be neglected, the de-
generacy disappears and the linearity is not perfect. The
imperfect linearity implies that the eigenstates (46) and
(47) change lightly. The probability density of the eigen-
state (46) changes lightly (see Fig. 4(b)) and the charac-
teristic can also be seen in the probability density of the
eigenstate (47). According to the orthogonality of the
eigenstates, the eigenstates (46) and (47) can be consid-
ered to interact lightly since other zero-energy eigenstates
remain unchanged.
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FIG. 4: The density of three nondegenerate eigenstates. (a)-
(c) correspond respectively to the eigenstate (52), (46) and
(43) shown in Fig. 3.
In contrast, the nonzero-energy levels generally are
nonlinear as increasing U , which implies that the asso-
ciated eigenstates or eigenspaces change. As a typical
example, the probability density of the eigenstate (43)
shows that the eigenstate changes significantly as increas-
ing U (see Fig. 4(c)). According to the orthogonality of
the eigenstates, the eigenstates in V1 are perpendicular
to the subspace V2 and remain unchanged, which implies
that the nonzero-energy eigenstates can be considered to
always evolute in V2 as increasing U . The conclusion can
also be proved by the fact that there is not a distinct
anticrossing between the levels associated to V1 and V2
(see Fig. 3). According to the completeness of the eigen-
states, the eigenstates in V2 can be considered to mix
mutually as U increases.
As U increases, the eigenstates in V1 remain unchanged
4while the eigenstates in V2 mix mutually. By taking into
account the difference, one can assume that the degen-
eracy of the zero-energy eigenstates accounts for the lin-
earity of the levels. Moreover, it will be shown in the fol-
lowing section that all two-dimensional eigenspaces dis-
appear when the electric field loses the C3 symmetry.
B. In a uniform electric field
-U +U
FIG. 5: The uniform electric field applied to a triangular
zigzag graphene quantum dot (Ns = 8). Two gates with elec-
trostatic potentials ±U are applied to the left and right of
the quantum dot. The contour of the electrostatic potential
is shown (blue dashed curves).
If it is true that the degeneracy of the zero-energy
eigenstates accounts for the linearity of the levels, a uni-
form electric field, ever considered not to lead to the
linearity11, also can do this. In order to prove the view-
point, a uniform electric field is presented in Fig. 5, which
does not possess the C3 symmetry and can not provide
an equal potential for all edge atoms. Moreover, the low-
energy spectrum of the graphene quantum dot subjected
to the electric field is shown in Fig. 6.
Since the electric field leads to a lower level of symme-
try than the electric field shown in Fig. 2, the zero-energy
eigenspace changes from the 7-dimensional subspace V1
into seven nondegenerate eigenstates. As U increase,
the seven associated levels vary linearly, which implies
that each zero-energy eigenstate does not change signifi-
cantly. As a typical example, the probability density of
the eigenstate (49) is shown in Fig. 7(a), which indicates
that the eigenstate remains unchanged. The stability also
can be seen in the probability density of other six eigen-
states. Obviously, the seven nondegenerate eigenstates
are chosen from the 7-dimensional subspace V1 by the
gate geometry and then remain unchanged, regardless of
the field strength. This also prove that the degeneracy
of the zero-energy eigenstates should account for the lin-
earity of the levels. Without two-dimensional eigenspaces
due to the symmetry of the electric field, the interaction
between quasi-degenerate eigenstates also does not occur
and hence the linearity is more perfect.
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FIG. 6: The low-energy spectrum of the graphene quantum
dots (Ns = 8) subjected to the uniform electric field shown
in Fig. 5. The eigenstate indexes correspond to those in Fig.
1 (b).
0.00
0.02
0.04
0.06
0.08
0.10
0 20 40 60 80 100
0.000
0.025
0.050
0.075
0.100
(b)
(a)
 
 
 
 
 U= 0 eV;  U= 0.75 eV;  U= 1.50 eV.
The site n
|c
n
|2
|c
n
|2
 
 
 
 
FIG. 7: The density of two nondegenerate eigenstates. (a)
and (b) correspond respectively to the eigenstate (49) and
(53) in Fig. 6.
All nonzero-energy levels are nonlinear, which implies
that the associated eigenstates change. As a typical ex-
ample, the probability density of the eigenstate (53) indi-
cates that the eigenstate changes significantly as increas-
ing U (see Fig. 7(b)). According to the previous analysis,
the nonzero-energy eigenstates mix mutually in V2 as U
increases.
C. In an electric field with random potential
distribution
Since the degeneracy of the zero-energy eigenstates
accounts for the linearity of the levels, one can make
5some predictions on the electric field with arbitrary fixed-
geometry gates. The electric field should choose seven
nondegenerate eigenstates as the new zero-energy eigen-
states according to the gate geometry if the arbitrary
electric field possesses a lower level of symmetry. More-
over, the electric field, as well as the two electric fields
mentioned previously, should keep the new zero-energy
eigenstates unchanged in V1 while the new nonzero-
energy eigenstates mix mutually in V2.
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FIG. 8: The imaginary electric field with a random potential
distribution applied to a triangular zigzag graphene quantum
dot (Ns = 8). The contour of the electrostatic potential is
shown (blue dashed curves).
In order to verify these predictions, an imaginary elec-
tric field is presented in Fig. 8, which receives randomly
an imaginary potential distribution. The low-energy
spectrum of a triangular zigzag graphene quantum dot
(Ns = 8) subjected to the electric field is shown in Fig.
9. As U increases, the levels of the seven zero-energy
eigenstates vary linearly and all levels of the nonzero-
energy eigenstates vary nonlinearly, which implies that
the effect of the electric field agrees with the above pre-
dictions. Moreover, the zero-energy levels and the spaces
between the levels are dependent on the random poten-
tial, which implies that it is more effective to modulate
the zero-energy eigenstates by changing the gate geome-
try.
D. In a arbitrarily changing electric field
If the gate geometry changes, for example, from the
electric field in Fig. 2 to the electric field in Fig. 5
and then to the electric field in Fig. 8, the zero-energy
eigenstates will also change. However, the evolution of
the zero-energy eigenstates is confined in V1 since the
zero-energy eigenstates for any gate geometry are chosen
from V1 according to the previous analysis. Moreover, the
evolution of the nonzero-energy eigenstates is confined
in V2 according to the orthogonality of the eigenstates.
That is to say, no matter how the gate geometry and
voltage change, the eigenstates evolute independently in
two subspace V1 and V2.
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FIG. 9: The low-energy spectrum of the graphene quantum
dots (Ns = 8) subjected to the imaginary electric field shown
in Fig. 8. The eigenstate indexes correspond to those in Fig.
1 (b).
IV. SUMMARY
In summary, we investigated the effects of three typical
in-plane electric fields on the electronic structure of a tri-
angular zigzag graphene quantum dot. The results show
that no matter how the electric fields change, the single-
electron eigenstates evolute independently in two sub-
spaces V1 and V2. The electric field with fixed-geometry
gates chooses several scattered parts of the subspace V1
as the new zero-energy eigenstates. Moreover, the eigen-
states in V1 remain unchanged and the associated levels
are linear as U due to the degeneracy of the zero-energy
eigenstates. In contrast, the eigenstates in V2 mix mutu-
ally and the associated levels are nonlinear as U . Two-
dimensional eigenspaces can be removed by lowering the
symmetry level of the electric field, which helps to keep
the zero-energy eigenstates unchanged and to keep the
associated levels linear as the field strength. The calcu-
lation implies that it is more effective to modulate the
zero-energy eigenstates by changing the gate geometry.
Our results provide insight into the electric-field-induced
evolution of the electronic states in a graphene quantum
dot and may be useful for the application of graphene
quantum dots to electronic and photovoltaic devices.
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